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On the Elastic Constants of Polycrystalline Argont 

By C. FELD:\L\,,+ and 1\1. L. Kr.EI::\ 

Department of Physics, Rutgers University, New Brullswiek, 
New Jersey, U.S.A. 

[Reeeiyed 3 July 1967, and in revised form 2 Septcmber 1967J 

ABSTRACT 

A recent calculation of the cxplieit temperatura depen dence of the quosi. 
harmonic second·orde r elas tic constan ts of the f. c.c. la ttice with arbitrary 
nearest·neighbow· central forces is used to eal c:ulato the bulk modulus, poly. 
crys ta lline shear modulus and tho polycrystalline longitudinal wave velocity 
for argon. The numerical calcu lations are based on a ::Ilia-Lennord- Jonos 
(12·6) p otentia l and eO\'er the range O< T;S60oK. Thcro is r easonable 
agreoment with a\'oi lable experimental d at a. At the highest temperatures 
compa rison of the theoretical and experimental bulk modulus suggest,s that 
higher order anh a rmonic effects ma~' be impor tant for solid orgon. 

§ 1. I"TRoDUCTION 

FELD-C 68-0028 

Ix the last few years a considerable number of experiments have been 
carried out on rare-gas solids and many of these experiments have been 
on polyerystalline samples. For example, Jones and Sparkes (1964) 
measured the resonant frequency of torsiona.l vibration of a suspended 
polycrystaUine rod of argon between 18 and 65°1'. They were able to 
derive th e t emperature dependence of the shear modulus (01' equivaJently 
thc tranSYerse \\'ave velocity) ofthe polycrystal by normalizing their data to 
the earlier measurements of Barker and Dobbs (1 955). Lawrence and 
Neale (1965) obtained values for the polycrystalline longitudinal \\'ave 
yelocit)' at t emperatures between 54 and 83°K using a diffraction of light. 
technique. The isot.hermal bulk modulus ha s beenmeasurcd at 4'2GoK by 
Peterson cl al. (1966) and a t 77'7 °K by Urvas e[ al. (19 67), by studying the 
Yar iat.ioll in the crystal lattice paramcier with applied helium pressure. 
:'I101'e recently, nIoeller and Squire (1966) and Gsiinger ct al. (1967 ) haye 
reported single erystaJ ,,'ave yelocities. 

In ol'dcr'to calculate the elastic properties of argon ,\'e need to know th e 
int era tomi c for ceR in the solid. 'While t.hcre is no doubt that l.he domill ant. 
forces in the solid are of the central t,,'o-body type, there is increasing evi
dence (see, for example, t.he Faraday Society DiscuRsion on Intermolecular 

t This paper is based, in part, on a thesis submitted by C. Feldman to th e 
Physics Drpartlll rnt of Rut gcrs UniYer:;ity in parLinl fulfilment of t.he require. 
ments for the degrce of Doct·or of Ph ilosophy. 
, t Pre;:;ent. address: Grumman Aircra ft Engineering Corporation, Long Island, 

New York, U.S.A. 
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Forces, HlU5, ·10) that three-bocIy forces are abo significant for solid argon 
UllforhlllH tely, at the pre'scnt. time the t hrce-bocly forces are not suffieicllth: 
well kn C\l'll in th e llcighbourh ood of the potential minimum to pcrmi't 
an accurate calc:l~ l a.t ion of the ~l astic constants. 'Ye shall thercfore adopt 
a phenolUcnologlC'al mocIeJ, ,nth ccntral two-body fo1'(;,cS aeLing between 
11e,1 rest neighbour,; on Iy . The particular t\yO -body potential that we shall 
subsequently ~lse C'~n best be reg~rde(~ as an effective potential, including 
lllany-body effects ll1 a crude fashIOn sutce the parameters of our two-bocly 
p ot en tial 'I'ill a l"'ays be fitted to experiment. The advantage of th~ 
llcarcst.-ncighbour mocIel is that the expli cit temperature dependen ce ofth~ 
elastic constants can be calculated essentially exactly for this model. 
Some tilllC ago, Barron and Domb (1954 ) used this model to calculate t.he 
static-lattice contribution to the polycrystallinc elastic constants. 

\Yc h ave recen tly calculated the expli cit tcmperature depcndence 
of thc f. c.c. lattice with an arbitrarv ncarest.-neiahbour central force 

J 0 , 

cp(l'). For a particular choice of cp(r), say, a l\Iie- Lellnard-Jones (m -6) 
potential, our ca lculations give the clastic constants which can then be 
compared directly wiLh single-crystal measurements. However, in 
order to compare our calculat.ions with the work of Jones and Sparkes 
(1904) and Lawrence and Neale (1965) we must first pass fromresulis for 
t.he single crystal to the polyerystalline material. The method of 
averaging the singIc cry~tal eJastie constant.s is discusscd in the n ext 
sect.ion and a brief outline of Our calculation is given in § 3. In § 4 our 
calculations are compared with the available experimental data. The 
calcu lation s presentcd in this paper can be regarded as extending the f 

work of Barron and Domb (J 954) and Barron and Klein (1 965 ) to finite 
t cmperaturcs. \\'e shall sec that the overall agreement of experiment 
with our lIlie-Lenuard- J ones nearest -neighbour model is guite reasonable. 

§ 2. POL YCRYSTALLIl'<E ELASTIC CONSTANTS 

For a cubic crystal there are only three independent elastic constants 
Cll> C12 and C~4' The relationship of these to the elastic constants of an 
isotropic polyery~t-anine aggregate has been discussed by Bill (1952). 
For a cubic crystal the bulk modulus, K , is unaltered and the shear modulus, 
G, becomes an a \-eragc of the two illdependent shear constants C

44 
and 

~ (cll - C12 ) · UppC'r and lower limits of tllC polycrystalliue shear consLant, 
G, arc given by the approximations of Voigt and Heuss, defined by: 

Oy = (cll - C12 + 3(44 )/5, 

Gv - Gn = 3[2c4'1 - (cll - C12)]2/5[ 4C44 + 3(c
ll 

- C
12

)). 

III all that follows "'e shall work with the arithmetic mean of G
v 

and G
lt

. 

The velocities of longitudinal and transverse waves in the polycrystal 
are given by: 

pl'z2 = ]{+(~)G, pVt
2 =G, 

where p is the crystal den sity. At 0°)(, Horton and Leech (1963) havc 
suggested an altcl'llative method of averaging by using the zero-temperature 

ltln.,lic UOlls(ants uJ Pul!/cl'!/;:;tallinc Aryon J:.I7 

Dr bye theta and the zero-temperature bulk modulus. Ba.lT~n and 
'I.' (J (65) showcd that H orton and Leech 's l11eLllOd agrees WIth the 

h. elll l'J } . mentioned proeecIure to better tJlan 2% . HIS we can lavc some 
nbO\ e . d L l' . 

fi lellce ~1l our averaoin o l))'oeedure . Horton an eeCl s averagmg con 1( 0 0 . , 

proccdnre is not applicable t o filUte temperatures: so we sh all not use )t 
here. 

§ 3. CALCULATIOX OF'l'HE EJJ,'\STIC COSSTAl'<TS 

'Ye havc calculated the clast ic constants from the equation 

where 

Here <l> is the static latti ce energy, assumed to be the sum of pail'w.ise 
additive contributions, eO; and c .. Qi are the internal energy and speClfie 
heat contributions from the mode W Oj and Y «fJ and fl o.fJoT describe the 
dependence of the normal mode frequencies on the homogenous stra.in 
paramet ers {nafJ}' In the actual cale,ulation YafJ and fl o.fJoT have been 
evaluated to second order in perturbatIOn theory , 
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Temperature dependence of the polycrystalline shear modulus of solid argon. 
The circlcs are derind from the work of Jones and Sparkes (19 M ). Tl~e 
OOK value is taken from Peterson el ct!. (1 !)G6). The smooth ClllTC )8 

calculated for a nIic- Lennard-Joncs (J 2-6) nearest -neighbour model. 
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For an isotropic stre:;s 1), the const.ants S «{JaT are related to the more 
usual elastic constants C«fJuT by t,he equations (wit,h the usual Voigt con
tractions) : 

Cl1 =Sll' C12 =S12+P, C44 =S44' 
]?ull details of the caleulat.ion will be presented elsewhere (see also O. 
Feldman, Ph.D. Thesis, Hutgers UniYcrsity, 1967) . From cll> C12 and C44 
the polyerystalline constants arc then obtained by the method indieated 
in t.he previolls section . Some results for argon arc shown in figs. 1, 2 
and 3 for the f;pceial eaf;e of a 1Hie-Lennard-J ones (12-6) nearest-neighbour 
model. The potential parameters of Horton and Leech (1963) which 

Fig. 2 
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Tcmperaturc dependence of the polyerystallille longit.udinal wave velocit,y 
plotted as p 1\2 versus t.emperat.ure, wherc p is the cryst.al clcllsii;y. The 
circles arc taken from Lam'Cllce and Ncale (l965). The smooth curve is 
calculated for a Mic-Lcnnarcl- Joncs (12-6) nearest.ncighbour model. 

were fitted t.o the experimental la,tcnt heat and the 0 °]( molal' volume were 
used. Our calculations were carried out at the observed experimental 
molar volumes, no attempt being made to solve the equation of state for 
the equilibrium molar volume of the model. 

§ 4. OOlllrnUS()X WITH EXPEInl\lEKT 

Unfortunately OUI' theoretical calculations are restricted to the range 
0< 'l';S 60 0

}{ lJut comparisons with experiment call still be made. Figure 1 

l~'lustic C01wtunls of 1 'olycryslalline A1"fJon 139 

shows a comparison of our model caleulaLions with the data of J ones and 
Sparkes (Hl64). The theoretica.l curye, corrcsponding to G=(Gv +Gn )J2 
is nncertain due to the averaging procedure (the diiference beween Gv and 
Gn. is approximately 1 Q%J but the temperature dependence is well defined 
(the difference between Gv and Gn is approxima.tely temperature inde
pendent). Jones and Sparkes (1964) claimed a relative aceuracy of 2% 

Fig. 3 
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Temperature dependence of the isothermal bulk modulus for solid argon. The 
upper curve amI thc point at 4,·25°K arc takcn from Peterson et nl. (1966), 
the point at 77·7 °K is taken from Dryas, et al. (1967). The 10"'er curvc 
is calculated for a l\1ie- Lennard- Jones (12-6) nearest-neighbour model. 

and an absolute accuraey of about 4%, consequently t,JlOre is considerable 
lattitude for adjustment to the figure. EYen so, the agreement of the 
-ill6Hiel with the expel'ill1cmtaJ tenlperaiure dependenee is quite reasonable. 
Figure 2 compares the results of La\\Tcnce and Neale (1965), plotted as 
p T? versus temperature, with our (12 -6) nearest-neighbour modcl. The 
agreement here is again quite reasonable. Figure 3 compares the isot hennal 
bulk modulus of Simmons and his co-workers with our model calculations. 
At the highest temperaturcs th ere is beginning to be a significant. diITerence 
between the theoretieal and experimental temperature dependence. This 
discrepancy is probably due to the negled of the higher order anharmonic 
terms in our model. In faet, the work of"Wallaee (1965) already indi cates 
that these higher-order terms would tend to inerease the bulk modulus. 
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Howevcr, in thi s paper 110 attempt will be wade to calculate these terms. 
Finally, wo note in passing that fur our (12-6) model l>oisson's Hatio 
varies from 0·243 at O°l\: to about. 0·29 at GO°K. This is to be compared 
with t.he val ues O' 253 n t 0°]( and O' 27 at. 70 0

K li sted by Peterson et al. (19GB). 

§ 5. COKCLUSIOX 

\ \'0 haye sho\l"I1 that th e temperature dependence of the second-order 
polycl')"stalline clast ic constan ts of argon arc in fairly good agrcement with 
the nearest-neighbour Mie-Lennard- Jones (12-6) potential. Howeyer, 
the very precise isothermal comprcssibility data of Simmons and his 
co-workers sllggcsts inadequacics in the model at the highest temperatures. 
If this inadequacy is confirmed by good single-crystal elastic constant 
data. it will probably me.U1 that. a more sophisticated treatment of the 
higher-order anharmonieity is required for argon. 
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Microanalysis of Al + 4 wt. % Cu by Combined Elecf.ron Microscopy 
a nd Energy Analysis 

By S. L. CUNDY, A. J. F. METlmRELL and M. J. WHEL,\K't 

Cavcnd ish Laboratory, Cambridgc 

[Reccivcd 1 July 1967 and, aftcr rcyision, 13 Scptembcr 1967J 

ABS'l'RACT 

Direct observations of the energy loss spectra f,.om 0 phuso precipitates in 
Al+4 wt. % Cu alloy have been mado by means of combined electron 
microscopy and energy analysis in order to examine t.he difficulties involved 
in using this technique for quulilati\'e microanalysis of precipitated phases. 
It is concluded that a microanalysis will be completely reliable if the peaks in 
the characteristic energy loss spectra (0 to 50 ev) from lllatrix and precipitate 
are reasonably well dofined and well separated. If this is not so, then the 
precipitate must extend from the top to the bot,tom surface of the e lectron 
mieroscope specimen before allY reliablo information can be obtained. As 
far as tllo extellsion of the technique to tho study of segrcgation effects is 
concerncd, it is concluded that the bound:1I'ies at which such efIects are 
expected must bo aligned parallcl to the incident electl'On beam. 

§ 1. IKTHOD UCTION 

SEVERAL techniques have been developed for the microanalysis of metals 
and alloys. One such method depends on the measurement of the charac 
teristic energy loss spectrum of fast electrons transmitted through thin 
foils of the metal or alloy. The principle of this method ,ms originally 
outlined by Hillier and Baker (19H); they envisaged the use ofthe energy 
losses produced by the excitation ofx-rity levels to identify, qualitatively, 
the constituent atoms of a s11ccimen. The possibility of applying this 
technique in conjunction with conventional transmission electron micro
scopy h as recently been realized by the construction of energy selecting 
electron microscopes ('Vatanabe and Uyeda 19G2, Cast.aing and Henry 
1962, 19(4) and energy analysing olcctron microscopes (Metherell cl al. 
1965, Cundy et al. 1966) .. At 'present,both types of instrument hitve energy 
resolutions ~ 1 to 2ev, with opcrat.ing volLages ~80ky to 100ky, and 
utilize the predominant energy losses of the t.ransmitted electrons which 
lie between 0 and about 500'1'. These low enorgy losses arc eha.racteristie 
of the electronic band structure of thc material of the specimen and do not 
necessarily indicate thc composition of Lhc speeim cn. 

The purpose of this paper is to invest.igate the difficult.ies illyolnd in 
using this technique to perform a microanalysis of an alloy containing it 

t Now at thc Department of Mclallurgy, Parks Road, Oxford. 
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